Abstract. We study a tracial notion of Z-absorption for simple, unital C * -algebras. We show that if A is a C * -algebra for which this property holds then A has almost unperforated Cuntz semigroup, and if in addition A is nuclear and separable we show this property is equivalent to having A ∼ = A ⊗ Z. We furthermore show that this property is preserved under forming certain crossed products by actions satisfying a tracial Rokhlin type property.
Introduction
The purpose of this paper is to introduce and study a property of C * -algebras which can be thought of as a tracial version of Z-absorption, in a way reminiscent of the definition of tracially AF algebras and C * -algebras of higher tracial rank (see [13] ). There are several motivations for looking at this property. A property closely related to ours (the two coincide in certain cases) appeared as a technical step in Winter's work concerning Z-absorption for C * -algebras of finite nuclear dimension ( [23, 25] ) and the recent work of Matui-Sato on strict comparison and Z-absorption ( [14] ), and it may thus be profitable to isolate this property for further study. Additionally, this property may be easier to establish in certain instances, in particular when considering crossed products by an action which satisfies a tracial version of the Rokhlin property. Indeed, we study a generalization of the tracial Rokhlin property which does not require projections and show that under certain conditions, crossed products of tracially Z-absorbing C * -algebras by such actions are again tracially Z-absorbing. The Rokhlin property has been instrumental in the study of group actions on C * -algebras (see [5] for a survey, [6, 7, 16] for the finite group case, [11] and references therein for the single automorphism case). However, the Rokhlin property might be harder to establish in certain cases, and might not exist in others. In the finite group case, the Rokhlin property is uncommon and its existence requires restrictive Ktheoretic constraints on the algebra and the action. While for the single automorphism case the Rokhlin property is much more common (and even generic in certain cases, see e.g. [4] ), it still requires the existence of many projections. The Rokhlin property has been generalized to a tracial version in [15, 17] , although this generalization still requires the existence of projections. Further tracial-type generalizations in which the projections are replaced by positive elements were considered in [21, 1] , and we will study a closely related variant. We note that a different generalization which does not require projections has been to view the Rokhlin property as a zero-dimensional level of what can be called Rokhlin dimension, see [4] .
A unital C * -algebra A is Z-absorbing if and only if for any n ∈ N, any finite subset F ⊆ A and for any ε > 0 there exist c.p.c. order zero maps ϕ : M n → A and ψ : M 2 :→ A such that the image of any normalized matrix under ϕ or ψ commutes up to ε with the elements of F , and such that ψ(e 1,1 )ϕ(e 1,1 ) = ψ(e 1,1 ) and ψ(e 2,2 ) = 1 A − ϕ(1) (see [20] ). In this characterization, 1 − ϕ(1) must be "small" in a tracial sense. In this paper we introduce a property called tracial Z-absorption which basically amounts to dropping the requirement for an order zero map from M 2 into A and instead asking that 1 − ϕ(1) is arbitrarily small in the sense of Cuntz comparison (see Definition
1). We show that
This research was supported in part by Israel Science Foundation grant 1471/07. 1 tracially Z-absorbing C * -algebras have almost unperforated Cuntz semigroups. This generalizes results of Rørdam in [19] concerning Z-absorption. We then use ideas from [14] to show that tracial Z-absorption implies Z absorption for simple, unital, separable, nuclear C * -algebras.
The paper is organized as follows. In section 2 we define tracial Z-absorption, establish notation, and prove some basic properties. Section 3 is devoted to showing that tracially Z-absorbing C * -algebras have almost unperforated Cuntz semigroup (and thus strict comparison). In section 4 we use this together with the techniques of Matui and Sato to show that a simple, unital, separable, nuclear tracially Z-absorbing C * -algebra is in fact Z-absorbing. In section 5 we define a projectionless version of the tracial Rokhlin property for finite group actions and we show that tracial Z-absorption passes to crossed products under such actions. In section 6 we introduce a similar Rokhlin type property for automorphisms (i.e. integer actions), closely related to the one considered by Sato in [21] , and prove that tracial Z-absorption is preserved by crossed products by such automorphisms, assuming that some power of the automorphism acts trivially on the tracial state space. This technical assumption holds automatically in many cases (e.g. if some power of the automorphism is approximately inner or if the algebra has finitely many extreme traces).
We thank Wilhelm Winter for some helpful conversations regarding this paper.
Basic properties of tracially Z-absorbing algebras
Recall that a c.p.c. map ϕ : A → B is said to have order zero if ϕ(a)ϕ(b) = 0 whenever a, b ∈ A + satisfy ab = 0. For positive elements a, b ∈ A we say that a is Cuntzsubequivalent to b (written a b) if there is a sequence x n ∈ A such that lim n→∞ a − x n bx * n = 0. Definition 2. 1 . We say that a unital C * -algebra A is tracially Z-absorbing if A ≇ C and for any finite set F ⊂ A, ε > 0 and non-zero positive element a ∈ A and n ∈ N there is an order zero contraction ψ : M n → A such that the following hold:
(1) 1 − ϕ(1) a.
(2) For any normalized element x ∈ M n and any y ∈ F we have [ϕ(x), y] < ε.
Proof. First assume A is stably finite. By [19] we know that A has strict comparison. Let a, ε, n, F be given as in Definition 2.1. Since A is simple there exist ℓ ∈ N and c 1 , . . . , c ℓ ∈ A such that
This clearly implies that d τ (a) ≥ 1/ℓ for all τ ∈ T (A). Let m be some number such that m > ℓ and n divides m. Since A is Z-absorbing there is a unital homomorphism ψ : Z m,m+1 → A such that for any normalized element x ∈ Z m,m+1 and for any y ∈ F we have [ψ(x), y] < ε.
By [20] we have a c.p.c. order zero mapφ : M m → x ∈ Z m,m+1 such that
which entails that 1 − ϕ(1) a. Since M n embeds unitally into M m we restrict ϕ to obtain the map we are looking for.
If A is not stably finite then, by [19] , A is purely infinite. Set m = n and continue as before. The condition 1 − ϕ(1) a is automatically satisfied.
In what follows we identify M n (A) with M n ⊗ A in the usual way. Proof. Since a is positive and non-zero, there exists i such that (e ii ⊗ 1 A )a(e ii ⊗ 1 A ) = 0. Assume without loss of generality that i = 1. Furthermore, by replacing a with the element (e 1,1 ⊗ 1 A )a(e 1,1 ⊗ 1 A ) we may assume that a is of the form e 1,1 ⊗ c for some non-zero positive c ∈ A.
Note that both A and cAc have a strictly positive element and hence, by Brown's Theorem, we have that cAc is stably isomorphic to A, this implies that the former is a simple, infinite dimensional, C * -algebra not isomorphic to the compact operators. In particular cAc is non-type I. Therefore, by Proposition 4.10 of [9] (which is a corollary of Glimm's Theorem) there is a non-zero homomorphism θ : The following result can help simplify proofs.
Lemma 2. 6 . Let A be a separable, unital C * -algebra. If A is tracially Z-absorbing then for any n ∈ N and any non-zero positive contraction a ∈ A there exists a c.p.c. order
Proof. Let (b k ) k∈N ⊆ A be a dense sequence and denote
for all normalized x ∈ M n and for all y ∈ F k . Let ϕ be the composition of the map
with the quotient map into A ∞ . It is easy to see that ϕ has the desired properties.
The following is a restatement of Corollary 4.2 of [27] along with some additional notation: Notation 2.7. Let ϕ : F → A be an order zero c.p.c. map, where F is finite dimensional. Denote h = ϕ(1). Recall that there is a homomorphism π :
the c.p. order zero map given by
If f is the square root function, we may use the notation
For a c.p.c. map ϕ : F → A from a finite dimensional algebra F , and an element b ∈ A, we write
The next lemma is a special case of Proposition 1.9 of [23] Lemma 2. 8 . For any f ∈ C 0 ((0, 1]) + and any ε > 0 there is an η > 0 such that whenever
c. order zero map and b is a contraction satisfying
Proof. Let f and ε as above be given. We can find g
where z is the identity function on
for any normalized elements a, b ∈ A with a positive (this is easily done by approximating g uniformly by polynomials). We may of course assume that η < Let π, h be as in the notation above. For any normalized x ∈ M n we have the following:
We will also be needing a slight variation of this previous lemma. We omit the proof since it is essentially the same as that of the preceding lemma.
Lemma 2.9. For any f ∈ C 0 ((0, 1]) + and any ε > 0 there is an η > 0 such that whenever ϕ : M n → A is a c.p.c. order zero map and α ∈ Aut(A) is an automorphism satisfying α(ϕ(x)) − ϕ(x) < η for all normalized elements x ∈ M n , we have that
Almost Unperforation of tracially Z-absorbing C * -algebras
In this section we will prove that tracially Z-absorbing C * -algebras have almost unperforated Cuntz semigroup and therefore strict comparison. The proof mixes ideas from [18] and [19] with ideas originating from the study of tracially AF algebras ( [13] ).
Recall that a positive element a ∈ A is called purely positive if a is not Cuntz-equivalent to a projection. This is equivalent to saying that 0 is an accumulation point of σ(a). 
Proof. Since A is simple and non type I, the algebra B = pAp is also non type I (as in the proof of Lemma 2.4). Hence, by Proposition 4.10 of [9] there is an injective homomorphism θ : CM k → B. Let z denote the identity function on (0, 1] and let c i = θ(e ii ⊗ z). Let a = p − c 1 . It is clear by functional calculus (and because θ is injective) that a is purely positive.
Additionally, we have that k a is represented by 1 k ⊗ a ∈ M k ⊗ B, and notice that
The Cuntz class of the right hand side is (
Proof. Fix ε > 0. Without loss of generality we may assume that a = b = 1. We 
We observe that those functions satisfy the following.
Find a c.p.c order zero map ϕ :
and where η > 0 is chosen using Lemma 2.8 such that
Let a 1 = ϕ(1) (a − ε) + . Denote r = 1 − ϕ(1) and set a 2 = r 1/2 (a − ε) + r 1/2 . We have
Our goal is to first show that
where the first approximation is due to our choice of η and the second follows from (2). We now deal with a 2 . Since a 2 r d, we may find s ∈ A such that sds * − a 2 < µ/3. Furthermore, by replacing s with sp(b) where p ∈ C 0 ([0, 1]) is some function that is 1 on [0, δ/2] and vanishes on [δ, 1], we may assume that s (b − δ) + = 0. We take z =ĉ + s and calculate:
Since this holds for every µ > 0 we have that (a − ε) + b. Finally, since ε is arbitrary, we have a b. The following theorem is a minor modification of results from [14] . Proof. Let θ : CM n → A be an embedding as given by Proposition 4.10 of [9] . We set c = θ(z ⊗ e 1,1 ), and it is immediate that c satisfies the required property. Proof. Using Lemma 4.3 we can find a sequence of non-zero positive contractions c n ∈ A such that lim
Let (a n ) ∈N ⊆ A be a dense sequence. We will denote F n = {a 1 , . . . , a n }. For each n we can now find a c.p.c. order zero map ϕ n : M k → A such that [F n , ϕ n ] ≤ 1/n and 1 − ϕ n (1) c n . Clearly property (2) holds, so it remains to see that the maps ϕ n satisfy (1). It is clear that that τ (ϕ n (e 1,1 ) m ) = τ (ϕ n (e i,i ) m ) for any trace τ , so it suffices to show that
for all n. To see this, fix n, and note that by functional calculus we have a homomorphism π :
Letting z denote the identity function on [0, 1], a simple calculation yields:
Since homomorphisms of C * -algebras induce maps on the level of the Cuntz semigroup, our claim now follows from the simple fact that 1
We thus have
and since lim [24] we are done. Let us then assume that T (A) = ∅. This implies that A is stably finite so the conclusion of Lemma 4.4 holds. We now apply Theorem 4.2 to complete the proof.
Finite group actions
We begin this section with a general lemma that we will need in this section and the following. We will only use it for actions of finite groups or of the integers. 
Proof. Let E :
A ⋊ α,r G → A be the canonical faithful conditional expectation. By replacing a with E(a) −1 a we may assume that E(a) = 1. We can find a finite sum
where u g is the canonical unitary implementing α g for g ∈ G. We can assume that a ′ is positive and non-zero, and we label the indices such that g 1 = 1 G . Note that a 1 is a non-zero positive element in A because a 1 = E(a ′ ). Since E is a contractive map, we have
Let 0 < ε < 1 3(n+1) . By Lemma 3.2 of [10] we can find a positive element x ∈ A with x = 1 such that
This implies that for k = 1 we have
We deduce that xa ′ x − xa 1 x < nε and thus xax − xa 1 x < nε + 1 3 .
Let b = (xa 1 x − (nε + 
is an action of a finite group G on a simple, unital C * -algebra A, then α is said to have the generalized tracial Rokhlin property if for any ε > 0, any finite subset F ⊆ A, and any non-zero positive element a ∈ A there exist normalized positive contractions {e g } g∈G ⊆ A such that:
(1) e g ⊥ e g when g = h.
(2) 1 − g∈G e g a.
(3) [e g , y] < ε for all g ∈ G, y ∈ F (4) α g (e h ) − e gh < ε for all g, h ∈ G
We first collect a few basic properties of such actions. Proof. Let g ∈ G and assume that α g = Ad(u) for some u ∈ A. Let {e g } g∈G be elements as in Definition 5.2 taking ε = 1/2, a = 1 A , and F = {u}. We have
= α g (e 1 ) − e g + 1 2
which is a contradiction.
A special case of Theorem 3.1 of [10] states that if α : G → Aut(A) is an action of a discrete group on a simple C * -algebra such that α g is outer for all g = 1 then A ⋊ α,r G is simple. 
Proof. Let F, a, ε, n be given as in the statement of the lemma. Since A is simple and unital, we can find c > 0 such that d τ (a) ≥ c for all τ ∈ T (A). Use Lemma 4.3 to find a positive element b ∈ A such that d τ (b) < c |G|+2 for all τ ∈ T (A). Since τ • α g is also a trace, we have that
for all g ∈ G and τ ∈ T (A).
Let η > 0 be as in Lemma 2.8 such that [h[ψ], y] < ε/2 whenever ψ : M k → A is a c.p.c order zero map and y ∈ A is a contraction such that [ψ, y] < η where h ∈ C 0 ((0, 1]) is given by
Let (e g ) g∈G be positive contractions such that (1) [e g , y] < η for all g ∈ G and for all y ∈ F .
(2) α g (e h ) − e gh < η |G| . (3) 1 − g∈G e g b as guaranteed by the generalized tracial Rokhlin property.
By Lemma 2.6 we can find a c.p.c. order zero map ϕ : M n → A ∞ ∩ A ′ such that 1 − ϕ (1) b. We denote byᾱ g the automorphism of A ∞ induced by α g , and definê
ψ is clearly an order zero c.p.c. map. First we remark that A ∞ ∩ A ′ is invariant underᾱ. Thus we havê
for all y ∈ F . This is the first property we will be needing. We now considerᾱ g (ψ(x)) for normalized x ∈ M n :
The third and last property we will be needing ofψ is:
where the last Cuntz-subequivalence follows from (3) and Theorem 3.3. By [18] Proposition 2.4, we can find v ∈ A ∞ such that v * av = (1 −ψ(1) − 1/4) + .
We now use liftability of order zero maps with finite dimensional domains to liftψ to a sequence of order zero maps
The properties ofψ that we have established imply that for ℓ 0 ∈ N large enough, the following properties hold: [18] , the third property above implies that
. By functional calculus, one checks that 1 − ψ(1) = 2(1 − ψ ℓ 0 (1) − 1/2) + which gives 1 − ψ(1) a. Property (2) above together with 2.9 ensures that α g (ψ(x)) − ψ(x) < ε/2 < ε for all normalized x ∈ M k and g ∈ G. This shows that ψ meets our requirements.
We are now ready to prove the main theorem of this section. Corollary 5. 7 . Let A be a simple, separable, unital, nuclear C * -algebra and let α : G → Aut(A) be an action of a finite group G with the generalized tracial Rokhlin property. If A is Z absorbing then so is A ⋊ α G.
As a non-trivial example of an action satisfying the generalized tracial Rokhlin property, we consider the symmetric group acting by permutation on the n-fold tensor power of Z. This example was studied in [3] , Corollary 5.7 gives a different proof of those results.
We recall the following special case of [19] Theorem 2.1 (which originates in the paper of Jiang and Su in [8] ). Proof. We may assume that all elements of F are of norm at most 1. Now, we may decompose Z as Z ∼ = Z ⊗ Z such that each element y ∈ F is close to within ε/2 to an element y ′ in the unit ball of Z ⊗ 1. Now choose a unital embedding ψ 0 :
. ψ clearly satisfies the commutation requirement, and since the restriction of the unique trace τ on Z ⊗ Z to the second component 1 ⊗ Z is the unique trace on that C * -algebra, we see that τ (ψ(f )) is indeed given by integrating f against Lebesgue measure, as required.
We thank Dawn Archey for a helpful conversation relating to the following example.
Example 5. 10 . Let G = S n be the symmetric group on the set {1, . . . , n}, and let A = Z ⊗n ∼ = Z. Let α : G → Aut(A) be the action defined on elementary tensors by the formula
where τ is the unique trace on
be a continuous function of norm one, such that:
The f σ are pairwise orthogonal and sum up to an element of norm 1 that equals 1 on a subset of [0, 1] n of measure larger than 1 − δ. Our next step will be to define an embedding of C([0, 1] n ) into A. We may assume that the finite set F consists of elementary tensors. Denote F = {z
n } i∈I where I is some finite index set. For k = 1, . . . , n we take unital embeddings
We define e σ = ψ(f σ ). Clearly we have that [e σ , y] < ε for all y ∈ F . It is also not hard to see that
for any f ∈ C([0, 1] n ) which implies that for the elements e σ = ψ(f σ ) we have d τ (1 − σ∈G e σ ) < δ. Since A has strict comparison and τ is the only trace on A this entails 1 − σ∈G e σ a. 6 . Actions of Z Definition 6.1. Let α be an automorphism of a simple, unital C * -algebra A. We say that α has the generalized tracial Rokhlin property if for any finite set F ⊆ A, any ε > 0, and k ∈ N, and any non-zero positive element a ∈ A there exist normalized orthogonal positive contractions e 1 , . . . , e k ∈ A such that the following holds:
( (2) [e i , y] < ε for all i and for all y ∈ F (3) α(e i ) − e i+1 < ε for all 1 ≤ i ≤ n − 1.
Note that in the definition we do not require that α(e k ) be close to e 1 . Notation 6.2. Elements e 1 , . . . , e k as in Definition 6.1 are said to satisfy the relations R(k, ε, a, F ).
We begin as we did in the previous section with some basic properties. 
Similarly we have that
By iterating this argument we get that
for all 1 ≤ j ≤ m and for all i, i ′ ∈ I j . Note that |I j | ≤ k m for all j. This implies that, if i ∈ I j we have
Denote η = kε and let g, f ∈ C 0 ((0, 1]) be defined by
Notice that g(x) ∼ (x − η) + for all x ∈ A + . Together with the previous observations this implies that d τ (g(e i )) < c 2 for all i and for all τ ∈ T (A). Now define another function h ∈ C 0 ((0, 1]) by
We have that h(t)
Since e j is orthogonal to e i for i = j, this implies that
for all i. Finally we have that
In particular we have Proof. Let F, ε, a, n be given as in the statement of the lemma. We assume throughout that ε < 1. As in the proof of Lemma 5.5 we can find c > 0 such that d τ (a) > c for all τ ∈ T (A). Let M ∈ N be such that . By Lemma 6.5 we can find k 0 such that whenever k ≥ k 0 , 0 < δ < 1 k , b ∈ A + with k b ≤ 1 , K ⊆ A is some finite subset, and e 1 , . . . , e k ∈ A + are elements satisfying R(k, δ, b, K) then we have d τ (e i ) < c ′ for all i and for all τ ∈ T (A). We may furthermore assume k 0 > 2M . Use Lemma 4.3 to find a positive element b ∈ A such that d τ (b) < min{ Using this, we may write
Since A has strict comparison and d τ (b) < c 2M for all τ ∈ T (A), we have that b ⊕2M a which proves our claim.
The final condition we need onψ is that [ψ(x), y] < ε for all normalized x ∈ M n and for all y ∈ K. This follows immediately from our construction.
We now continue as in the proof of Lemma 5.5 and use projectivity of order zero maps to liftψ to a sequence of c.p.c. order zero maps from M n into A. Going far enough along this sequence we obtain the map ψ which we need.
Combining this with Theorem 4.1, we obtain the following. Remark 6. 8 . The hypothesis that α m acts trivially on T (A) for some m is satisfied automatically in many cases, for instance if some power of α is approximately inner, or if T (A) has finitely many extreme points. We suspect that this condition can be relaxed.
Example 6. 9 . It is shown in [21] that the bilateral tensor shift automorphism α on Z ⊗∞ ∼ = Z satisfies what is there defined as the weak Rokhlin property. Since Z has strict comparison, this implies that α has the generalized tracial Rokhlin property. Since Z has unique trace this shows that α satisfies the conditions of Theorem 6.7. 
